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Strategic games

Definition
An instance of a finite strategic game consists of:
o Aset N={1,...n} of players
@ A strategy set S; for every player j € N
@ A cost function C; : §1 x --- x S, — R for every player j € N.

Each player j € N needs to pick one strategy i € S;. We denote by
xj €{0,1}

the indicator value whether j chooses i € §;.
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Example: Load Balancing

Example: Load balancing

Given is a set of resources E. The strategy set of every player j € N is
S; C E with weights wj; > 0 for every i € §;.

The load of | € E is:

e,'(X) = Z Wi Xij ¢

JjeN ¢

The cost of j € N is: !

¢

G(x) = Y ti(x) wy x; 1

icE P

The cost is the load of

the picked resource E N

multiplied by the weight.
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Nash equilibria
Definition

An assignment (x;j)jen,ies; is a pure Nash equilibrium if

Gi(x) < Gi(x_j,i) VjeNVies;.

Let ¢ ~ 1.618 &
st. 2 =149 é
1
¢
1
¢

E N
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Nash equilibria
Definition

An assignment (x;j)jen,ies; is a pure Nash equilibrium if

Gi(x) < Gi(x_j,i) VjeNVies.

Let ¢ ~ 1.618 &
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1
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1
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Social cost and social optimum

Social cost
The social cost of an assignment x is defined as

€)= G()

jEN

The social optimum is the optimal solution x* to:
min C(x)
d xj=1  VjeN

iESj
xj€{0,1} Ve NVies,
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Price of Anarchy
Price of Anarchy

The price of anarchy of a game is the worst-case, over all instances, of

C(x)
C(x*)

€ [1, 0]

where x is any Nash equilibrium and x* is the social optimum.

¢
) Ci(z*) = ¢?
1
1) Ca(z*) =1
1
1) Cz(z*) =1
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Price of Anarchy
Price of Anarchy

The price of anarchy of a game is the worst-case, over all instances, of

C(x)
C(x*)

€ [1, 0]

where x is any Nash equilibrium and x* is the social optimum.

®
_ 42
o] Cl(x) =¢ C(X) B n ¢2
1 C(x*) n—1+¢2
¢ Ca(z) = ¢?
1 n—oo 2
P Ca() = 62 — ¢ ~ 2.618
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Price of Anarchy

@ Bounding the price of anarchy is a central question in AGT.

@ One general successful approach is the smoothness framework
[Roughgarden, 2009]

@ Another idea is to use convex programming duality [Kulkarni,
Mirrokni 2015]
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Price of Anarchy

@ Bounding the price of anarchy is a central question in AGT.

@ One general successful approach is the smoothness framework
[Roughgarden, 2009]

@ Another idea is to use convex programming duality [Kulkarni,
Mirrokni 2015]

This talk

Unified simple approach to tightly bound the price of anarchy for a class of
games where C(x) is quadratic in x.

@ Dual fitting argument on a semidefinite program.

@ SDP can be obtained automatically using first round of Lasserre/SoS
hierarchy.

Technique also works to bound the approximation ratio of local search
algorithms and competitive ratio of online algorithms.
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Results obtained
Price of Anarchy

@ Price of anarchy for R|[ }_; w;C; under three different scheduling
policies obtaining tight bounds of 4,2.618 and 2.133 (STOC 2011)

@ Slight improvement to 2 for the last bound in special cases
@ Price of anarchy for weighted affine congestion games
o Pure price of anarchy of P|[ >, w;

Local search

@ Tight analysis of best known combinatorial approximation algorithm
for R||>_; w;C; based on local search

Online algorithms

o Tight analysis of competitive ratio of different online algorithms for
online load balancing in the L, norm.

o Tight analysis of (optimal) greedy online algorithm for R|| >, w; G;
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Dual fitting: high level view

Exact integer program to compute social optimum x*:

C(x*)=min ¢ C(x): Y xj=1 Vj; xj€{0,1} Vj,i
fESj

Idea: formulate a convex relaxation and consider the dual. By weak
duality, for any feasible solution y to the dual:

obj(y) < C(x")
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Dual fitting: high level view

Exact integer program to compute social optimum x*:

fESj

Idea: formulate a convex relaxation and consider the dual. By weak
duality, for any feasible solution y to the dual:

obj(y) < C(x")
Goal:

For any Nash equilibrium x, find a dual solution y such that

obj(y) > p C(x) forsome pe0,1]

This implies a price of anarchy upper bound:

<
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Convex SDP relaxation
Exact program to compute x*:

min ¢ C(x): Y xj=1 Vj;i x;€{0,1} Vj,i

x I'ESJ'
If C(x) is quadratic, then C(x) = (C, X) = Tr(CX) for some symmetric
matrix C, where X = (1,x)(1,x)7 encodes all the linear and quadratic
terms of x.

min(C, X)
D Xy =1 VjeN
fESj
X,y = Xy~ UENIES;
X*=0
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The dual SDP

1
max > yi= 5 vl

JjEN
1 ) .
v < Cyji U}—Euv,-j||2+ (vo,vj) YjEN,i€S,
<VU, V,'/k> é 2 C.{U7 i’k} \V/(I,_j) # (I.,, k) with j, k S N
Variables:

@ Scalars y; € R for every j € N
e Vectors vy € R? and vjj € RY for every j € N, i € S;
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The dual SDP

1
max > yi— 5 vl
JjeN

1 . .
vi < Ceij iy — 5Hv,-,-||2 + {vo,v)  VjEN,iES; (1)
(Vij, virk) < 2 Cyij ik V(i j) # (', k) with j, k € N

Definition: Nash equilibria

An assignment (x;)jenies; is a pure Nash equilibrium if

Gi(x) < Ci(x—j, i) VjieN,ies,. (2)

Key insight: Make sure (1) corresponds to (2) in the dual fitting.
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Back to our Example: Load Balancing

Specialize the SDP:

1 2
max)_ =3Il
JEN

1 . .
ngw,-f—EHV,-sz—i— (vo, vij) VjieN,ie€S;
<V,'j7 Virk) < 2 Wij Wik ]l{,-:,-/} Y(i,j) # (i/, k) with j,k € N
Nash equilibria inequalities:
G(x)<wj+w;li(x) VYjeNVieS,

Fitting idea:

1
yi~ G(x) W,-f - §||Vij|\2 ~ W;? (o, vij) ~ wi £i(x)
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Back to our Example: Load Balancing

SDP constraints:

1 . .
ijW,%—ﬁHVij\F"‘ (vo, vij) VieN,ies;

(Vij, virk) < 2 wij wige Tgizin (i, j) # (i', k)
We want:
1
yi~Glx) , wj— §||Vin2 ~wio, o (v, vip) ~ wi Li(x)

Fitting ensuring the above:

o v; € RE such that vj(e) = a w; Lji—e) for some 0 < a < V2
o vo € RE such that vo(e) = 3 Le(x) for some 3 >0
o y; = af Ci(x) where af =1—a?/2
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Example: Load Balancing
o vjj(e) =aw; T(j—ey for some 0 < o < V2
e vy(e) = B le(x) for some 5 >0
o y; = af Ci(x) where af =1 —a?/2

SDP objective: > y; — 1||w|*> = (aﬁ — %2> C(x)
JEN
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Example: Load Balancing
o vjj(e) =aw; T(j—ey for some 0 < o < V2
e vy(e) = B le(x) for some 5 >0
o y; = af Ci(x) where af =1 —a?/2
SDP objective: > y; — 1||w|*> = (aﬁ — B;) C(x)
JEN
Goal:

For any Nash equilibrium x, find a feasible dual solution such that

1
ny _ §||V0H2 > p C(x) forsome pe€]0,1]
JEN

Solve:

maX{aﬂ—ﬁ;:aﬁzl—az/me[o,ﬁ],ﬂzo} = 3+2\/§
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The scheduling problem R[> w;C

Given is a set of machines M and a set of jobs N. Each job j € N has a
weight w; > 0 and processing time p;; > 0 for every machine i € M.

Goal: Assign each job to a machine and order the jobs on each machine
to minimize the sum of weighted completion times of the jobs.

Known: Once an assignment is fixed, each machine should order the jobs
assigned to it optimally by increasing Smith ratio

Pi
wj

Co(z) =3
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Game theoretic setting

e Each job j € N picks a machine i € M. Denote by x;; € {0,1} if
Jj € N chooses machine i € M. For two jobs j # k assigned to i:

k-<;j <~ 5m <:5U < pm/M@ < pU/Mg

The completion time (cost) is:
G(x) =D % (Pij +> PikXik>-
ieM k=ij

The social cost is:

C(x) =) wG(x)

jEN

Theorem
The price of anarchy of this game is 4 (STOC 2011) [Cole et. al.]

Proof maps strategy vectors into a cleverly chosen inner product space.
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Bounding the PoA
Specialize the SDP:

1 2
max 3y vl
JEN

A

1 . .
yi <wipi = Slvill®+ (vo,vi)  ViENi€S
(vij, virk) < wjwic min{d, 0y Lgi—iny V(i j) # (i, k)

Nash equilibria inequalities imply:

wiGi(x) < wjpj+ > wiwemin{dy;,6x} Vi € N,Vi € Sj.
keN

Fitting idea:

1
i~ wiGO) s wipy = Slvil® ~ wipg o (vo, vig) ~
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Using inner product space of [Cole et. al.]

We want:

i~ wiGx) , villP~wipy (Vi vik) ~ wiwie min{8;7, i}

Inner product space: Interpret SDP vectors as functions
f :]0,00) — Ry with inner product

(F.g) = /0 " F(t)g(t)dt

Fitting: v;i(t) ~ w; Lie<syy

o0
— gl ~ /0 U fecs,ydt = w2dy = w; py

00
— <V,'j, V,'k> ~ Wj Wk / ]l{tgé,'j}]l{tgé,-k}dt = W W min{é,-j,ci,-k}
0
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Different coordination mechanisms

Changing the ordering policy on each machine can improve the price of
anarchy.

Inner product spaces for MinSum coordination mechanisms (STOC 2011)
[Cole et. al.]
Results

@ Smith's Rule leads to a PoA of 4

@ A preemptive mechanism called Proportional Sharing leads to a PoA
of (3++/5)/2~ 2.618

@ A randomized mechanism called Rand leads to a PoA of 2.133

All these results can be recovered using the vector fitting approach by
exploiting the inner product space developed in [Cole et. al.]
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Congestion games and selfish routing
Selfish routing

Given a graph G = (V, E) and a set of N players. Each player j € N has a

weight w; > 0, a source node s; € V/, sink node t; € V' and needs to pick
a path in G between s; and t;

Sj:={P C E: Pis a path between s; and t;}
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Congestion games and selfish routing
Selfish routing
Given a graph G = (V, E) and a set of N players. Each player j € N has a

weight w; > 0, a source node s; € V/, sink node t; € V' and needs to pick
a path in G between s; and t;

Sj:={P C E: Pis a path between s; and t;}

If player j picks a path P, the cost is

Gx) = w; Y Le(x)

ecP

where £¢(x) is the total weight of players using edge e € E under an
assignment x. The social cost is

k) =3 G0

JeN
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Congestion games and selfish routing

Theorem

The price of anarchy of this game is (3 +1/5)/2 &~ 2.618 (STOC 2005) .
It can be recovered using the vector fitting approach.

Key idea: We now have a variable vp; € RE for each player j € N and
each path P € §;. Fit

veri(e) = wj Lieepy

The support of the vector vp; are the edges on the path. Previously (in
the scheduling setting), the support had size one.
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Analyzing local search and online algorithms

1
manyj—EHV()Hz
JEN
1 . .
i < Cij, ijy — 5\\‘//1\!2 + (v,vy)  VieN,ieS; (3)
<VU, V,'/k> S 2 C.{U7 i’k} \V/(I,_j) ;é (i,, k) with j, k S N

@ Price of anarchy: make (3) correspond to Nash equilibria inequalities
@ Local search: make (3) correspond to local optima inequalities

@ Online algorithms: make (3) correspond to inequalities satisfied by an
online algorithm at every time step

All three are applicable to the scheduling problem R[|>_: w;C; in these
different settings.
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Conclusion

Conclusion

@ Unified proof technique for problems whose optimal solution can be
cast as a binary quadratic program

@ SDP relaxation can be obtained by the first round of Lasserre/SoS
hierarchy

@ Recovers and unifies numerous results
@ Extension from scheduling to congestion

@ Works in game theoretic, local search and online settings

Future work ideas
o Apply this technique to new games or problems with a quadratic
objective

@ Possible to extend this technique to higher degree polynomial
objective by considering later rounds of the hierarchy?
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@ Unified proof technique for problems whose optimal solution can be
cast as a binary quadratic program

@ SDP relaxation can be obtained by the first round of Lasserre/SoS
hierarchy

@ Recovers and unifies numerous results
@ Extension from scheduling to congestion

@ Works in game theoretic, local search and online settings

Future work ideas
o Apply this technique to new games or problems with a quadratic
objective

@ Possible to extend this technique to higher degree polynomial
objective by considering later rounds of the hierarchy?

Thanks!
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